Restriction of toral eigenfunctions to totally geodesic submanifolds by Huang, Xiaoqi & Zhang, Cheng
RESTRICTION OF TORAL EIGENFUNCTIONS TO TOTALLY
GEODESIC SUBMANIFOLDS
XIAOQI HUANG AND CHENG ZHANG
Abstract. We estimate the L2 norm of the restriction to a totally geodesic sub-
manifold of the eigenfunctions of the Laplace-Beltrami operator on the standard flat
torus Td, d ≥ 2. We reduce getting correct bounds to counting lattice points in the
intersection of some ν-transverse bands on the sphere. Moreover, we prove the correct
bounds for rational totally geodesic submanifolds of arbitrary codimension. In par-
ticular, we verify the conjecture of Bourgain-Rudnick on L2-restriction estimates for
rational hyperplanes. On T2, we prove the uniform L2 restriction bounds for closed
geodesics. On T3, we obtain explicit L2 restriction estimates for the totally geodesic
submanifolds, which improve the corresponding results by Burq-Ge´rard-Tzvetkov,
Hu, Chen-Sogge.
1. Introduction
Let M be a smooth Riemannian manifold without boundary of dimension d (d ≥ 2),
∆ the corresponding Laplace-Beltrami operator and Σ a smooth embedded submanifold
of dimension k. Burq, Ge´rard and Tzvetkov [6], Hu [12] established bounds for the L2
norm of the restriction of eigenfunctions of ∆ to the submanifold Σ, showing that if
−∆eλ = λ2eλ, λ > 1, then there exists a constant C > 0 such that
‖eλ‖L2(Σ) ≤ Cλ
d−k−1
2 ‖eλ‖L2(M), when 1 ≤ k ≤ d− 3, (1.1)
‖eλ‖L2(Σ) ≤ Cλ
1
2 (log λ)
1
2 ‖eλ‖L2(M), when k = d− 2, (1.2)
‖eλ‖L2(Σ) ≤ Cλ
1
4 ‖eλ‖L2(M), when k = d− 1. (1.3)
All these estimates are sharp on the standard sphere Sd, except for the log loss. See [17]
for the first appearance of this type of estimate. For the generalization to quasimodes,
one may refer to [16] and [10].
It was proven by Burq, Ge´rard and Tzvetkov [6] (d = 2), Hu [12] (d ≥ 2), Hassell and
Tacy [10] that if Σ is smooth submanifold of dimension d−1 with positive (or negative)
definite second fundamental form, then the bound λ
1
4 in (1.3) can be improved to be λ
1
6 .
Chen and Sogge [7] proved that if d = 3 and Σ is a geodesic segment, then the factor
(log λ)
1
2 in (1.2) can be removed. On nonpositively or negatively curved manifolds,
the improvements for these restriction estimates can be found in [7], [18], [20], [2] and
references therein.
Let Td = Rd/(2piZ)d (d ≥ 2) be the standard flat torus. In [6] it is observed that for
the flat torus M = T2, (1.3) can be improved to be
‖eλ‖L2(Σ) ≤ Cλ‖eλ‖L2(M), ∀ > 0 (1.4)
due to the fact that the corresponding bound on the L∞ norm of eigenfunctions holds.
They raise the question whether in (1.4) the bound λ can be replaced by a constant,
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that is whether there is a uniform L2 restriction bound. In particular, it is known
to experts that if we take Σ to be a geodesic segment on the torus, this problem is
essentially equivalent to the currently open problem of whether on the circle |x| = λ, the
number of lattice points on an arc of size λ
1
2 admits a uniform bound. Furthermore,
Bourgain and Rudnick [3] conjecture that for flat torus M = Td (d ≥ 2) and real
analytic hypersurface Σ, the bound λ
1
4 in (1.3) can be replaced by a constant.
Conjecture 1 (Bourgain-Rudnick [3]). Let d ≥ 2 be arbitrary and Σ ⊂ Td a real
analytic hypersurface. Then, for some constant CΣ, all eigenfunctions eλ of Td satisfy
‖eλ‖L2(Σ) ≤ CΣ‖eλ‖L2(Td). (1.5)
If moreover Σ has nowhere vanishing curature and λ > λΣ, for some cΣ > 0, also
‖eλ‖L2(Σ) ≥ cΣ‖eλ‖L2(Td). (1.6)
Bourgain and Rudnick [3] proved this conjecture when d = 2, 3 and Σ is a real
analytic hypersurface with non-zero curvature. In higher dimension d ≥ 4, they claimed
that if Σ is a smooth hypersurface with positive definite second fundamental form, then
(1.3) can be improved:
‖eλ‖L2(Σ) ≤ CΣλ
1
6
−d‖eλ‖L2(Td)
for some d > 0. Recently, Hezari and Rivie`re [11] verified the Bourgain-Rudnick’s
conjecture for a density one subsequence of eigenfunctions on any smooth hypersurface
with nonvanishing principal curvatures.
In this paper we pursue the improvements of (1.1), (1.2), (1.3) for the flat torus
M = Td (d ≥ 2), considering the restriction to totally geodesic submanifolds of ar-
bitrary codimension. We reduce getting correct bounds to counting lattice points in
the intersection of some ν-transverse bands on the sphere. Moreover, we prove the
correct bounds for rational totally geodesic submanifolds of arbitrary codimension. In
particular, we prove that the conjecture (1.5) is true if Σ is a rational hyperplane.
To state our theorems, we introduce some notations about the lattice points on the
sphere. Let λ 1 and k ≥ 1. Denote the sphere
λSk = {x ∈ Rk+1 : |x| = λ}.
Let ζ ∈ Sk be a unit vector. Consider the λ 12 -cap C(λζ, λ 12 ) which is the intersection of
the sphere λSk with the ball of radius ≈ λ 12 around λζ. Let Nk,λ denote the maximal
number of lattice points in the λ
1
2 -cap of the sphere λSk. Namely,
Nk,λ = max
ζ∈Sk
#Zk+1 ∩ C(λζ, λ 12 ).
The bounds on Nk,λ have been studied by number theorists. Currently, the best esti-
mates when k = 1, 2 are
N1,λ . log λ, (1.7)
N2,λ . λ
1
2
−η, ∀ η < 132 , (1.8)
see e.g. [3, Lemma 2.3], [5, Lemma 2.1]. It is expected that the correct bounds are
N1,λ . 1 and N2,λ . λ. In higher dimension (k  4), the distribution of lattice
points on the sphere is close to the uniform distribution and there is a natural estimate
Nk,λ . λ
k−2
2 , see e.g. [3, Appendix A]. Indeed, recall that the number of lattice points
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in λSk (k ≥ 4) is ≈ λk−1. Roughly speaking, the number of lattice points in the λ 12 -cap
is
≈ Area of the cap
Area of λSk
× λk−1 ≈ λ k−22 .
Let d ≥ 2. We define a unit band in the sphere λSd−1 to be the subset of λSd−1
between two parallel hyperplanes with distance ≈ 1. More precisely, for 0 6= u ∈ Rd
and x0 ∈ Rd, the unit band is defined by
B(u, x0) = {x ∈ λSd−1 :
∣∣∣ u|u| · (x− x0)∣∣∣ . 1}.
Let A1,d,λ be the maximal number of lattice points on a unit band of λS
d−1. Namely,
A1,d,λ = max
06=u∈Rd, x0∈Rd
#Zd ∩B(u, x0).
We call k bands B(u1, x01), ..., B(uk, x0k) are νk,d-transverse for some 0 < νk,d ≤ 1 if
|u1 ∧ · · · ∧ uk|
|u1| · · · |uk| ≥ νk,d.
Here the length of the wedge product
|u1 ∧ · · · ∧ uk| =
√
det[ui · uj ]k×k .
For d ≥ 3, 2 ≤ k ≤ d − 1 and fixed νk,d, let Ak,d,λ be the maximal number of lattice
points in the intersection of k unit bands that are νk,d-transverse. Specifically, we set
νk,d =
1
(d−k+1)k/2 throughout this paper.
Given fixed k, d and νk,d, an interesting question is to estimate the size of Ak,d,λ with
respect to λ 1. Clearly A1,d,λ & Nd−1,λ, since a unit band reduces to a λ 12 -cap when
one of the hyperplanes is tangent to the sphere. In particular, we have A1,2,λ ≈ N1,λ.
In higher dimensions (d ≥ 5), we may roughly have A1,d,λ ≈ λd−3  Nd−1,λ ≈ λ d−32
by recalling the bound ≈ λd−2 for the number of lattice points in λSd−1 and assuming
uniform distribution of lattice points. For 2 ≤ k ≤ d−1, the intersection of k transverse
unit bands that contains the most lattice points may roughly look like the region in
λSd−1 with size
≈ λ× · · · × λ︸ ︷︷ ︸
d−k−1
×λ 12 × 1× · · · × 1︸ ︷︷ ︸
k−1
.
So we may naturally expect that the correct bounds for Ak,d,λ are
Ak,d,λ . λd−k−2+, when 1 ≤ k ≤ d− 2, (1.9)
Ak,d,λ . 1, when k = d− 1. (1.10)
In particular, if we assume u1, ..., uk are fixed and rational, we will see that the maximal
number of lattice points in the intersection of these k unit bands satisfies the bounds
in (1.9), (1.10). See the proof of Theorem 6.
Throughout this paper, the totally geodesic submanifolds are assumed to be bounded
and have fixed unit Hausdorff measure (e.g. length, area,...). A . B (A & B) means
A ≤ CB (A ≥ cB) for some positive constants C, c independent of λ. The constants
may depend on the fixed parameters, including d, k, . A ≈ B means A . B and
A & B.
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1.1. 2 dimensional case.
Theorem 1. Let γ ⊂ T2 be a geodesic segment. Then
‖eλ‖L2(γ) .
√
N1,λ‖eλ‖L2(T2), (1.11)
where the constant is independent of γ and λ. Moreover, for any fixed eigenvalue λ,
there exist a geodesic segment γ and an eigenfunction eλ such that
‖eλ‖L2(γ) ≈
√
N1,λ‖eλ‖L2(T2). (1.12)
This means (1.11) is sharp.
Therefore ‖eλ‖L2(γ) .
√
log λ‖eλ‖L2(T2) by (1.7). To prove uniform L2 geodesic
restriction bound on T2 is equivalent to prove N1,λ . 1, which is a currently open
problem. Of course, this result is already known to experts (see e.g. [3, page 1]), but
we also give a short proof here for the sake of completeness. Note that the closed
geodesics on flat torus are exactly the straight lines with rational slopes. If we only
consider the closed geodesics, we can get correct estimates.
Theorem 2. If γ is a geodesic segment in T2 with fixed rational slope, then
‖eλ‖L2(γ) . ‖eλ‖L2(T2), (1.13)
where the constant may depend on the slope but it is independent of λ.
Corollary 1. If Σ is a closed geodesic in T2, then
‖eλ‖L2(Σ) ≤ CΣ‖eλ‖L2(T2), (1.14)
where the constant CΣ is independent of λ.
If the slope of the straight line is equal to p/q, gcd(p, q) = 1, then the constant
in (1.13) is ≈ √max{|p|, |q|}. Here max{|p|, |q|} is exactly the height of the rational
number p/q. A key idea to prove the uniform bound is using the l2 boundedness of
discrete Hilbert transform. We remark that in the second part of Theorem 1, the slope
of the geodesic can be chosen to be a rational number, which may depend on λ. Of
course, one cannot combine (1.12) and (1.13) to conclude that N1,λ . 1, since the
constant in Theorem 2 depends on the slope of the geodesic.
1.2. Higher dimensional cases.
Theorem 3. Let d ≥ 3. Let Σ ⊂ Td be a totally geodesic submanifold of dimension k.
Then
‖eλ‖L2(Σ) .
√
Ak,d,λ(log λ)
k/2‖eλ‖L2(Td). (1.15)
where the constant is independent of Σ and λ. Moreover, for any fixed eigenvalue λ,
there exist a totally geodesic submanifold Σ and an eigenfunction eλ such that
‖eλ‖L2(Σ) ≈
√
Ak,d,λ‖eλ‖L2(Td). (1.16)
This means (1.15) is essentially sharp.
It is natural to expect that the factor (log λ)k/2 can be removed. Note that N1,λ ≈
A1,2,λ. This theorem agrees with Theorem 1 when d = 2, except for the log loss. In
particular, when d = 3, by estimating A1,3,λ and A2,3,λ, we can prove the following
explicit estimates.
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Theorem 4. Let Σ ⊂ T3 be a totally geodesic submanifold of dimension k, k = 1, 2.
Then for any  > 0
‖eλ‖L2(Σ) . λ
1
3
+‖eλ‖L2(T3), when k = 1, (1.17)
‖eλ‖L2(Σ) . λ
1
12
+‖eλ‖L2(T3), when k = 2. (1.18)
The constants are independent of Σ and λ.
These bounds improve the bounds λ
1
2 (k = 1) and λ
1
4 (k = 2) by Burq-Ge´rard-
Tzvetkov, Hu, Chen-Sogge. The main idea is generalizing a result of Jarnik [13] to
higher dimensions. We decompose the bands into a number of small pieces, each of
which contains at most λ lattice points. All these bounds seem to be far from the
correct bounds suggested by (1.9), (1.10) and Theorem 3, namely for any  > 0
‖eλ‖L2(Σ) . λ‖eλ‖L2(T3), when k = 1, (1.19)
‖eλ‖L2(Σ) . ‖eλ‖L2(T3), when k = 2. (1.20)
Fortunately, these correct bounds can be proved for rational totally geodesic subman-
ifolds (see Theorem 6).
Remark 1. To get (1.19), one may need to show A1,3,λ . λ. Recall that A1,3,λ & N2,λ.
So this estimate is much stronger than the estimate N2,λ . λ for the λ
1
2 -cap, which
is still an open problem. Bourgain, Rudnick and Sarnak [4, Theorem 2.4] proved that
as a consequence of “Linnik’s basic Lemma”, this holds in the mean square. Indeed,
partition the sphere λS2 into sets Cα of size λ
1
2 , for instance by intersecting with cubes
of that size. Denote E = Z3 ∩ λS2. They proved that∑
α
[#(E ∩ Cα)]2 . λ1+, ∀ > 0.
Note that there are ≈ λ terms in the sum, and #E . λ1+. This result expresses a
mean-equidistribution property of E .
Theorem 5. Let d ≥ 2 and 1 ≤ k ≤ d − 1. For any fixed eigenvalue λ, there exist a
totally geodesic submanifold Σ of dimension k and an eigenfunction eλ such that
‖eλ‖L2(Σ) ≈
√
Nd−k,λ‖eλ‖L2(Td). (1.21)
This result generalizes Theorem 1 to higher dimensions and is related to the conjec-
ture by Bourgain-Rudnick. Indeed, for some hyperplane Σ ⊂ Td and an eigenfunction
eλ, we have
‖eλ‖L2(Σ) ≈
√
N1,λ‖eλ‖L2(Td),
which means that the conjecture (1.5) in any dimension (d ≥ 2) is not true if N1,λ is
unbounded.
We may generalize Theorem 2 and prove the correct bounds in higher dimensions.
Theorem 6. Let d ≥ 2, and Σ ⊂ Td. If Σ is a totally geodesic submanifold of
dimension k and it is determined by linear equations with rational coefficients, then for
any  > 0
‖eλ‖L2(Σ) . λ
d−k−2
2
+‖eλ‖L2(Td), when 1 ≤ k ≤ d− 2, (1.22)
and
‖eλ‖L2(Σ) . ‖eλ‖L2(Td), when k = d− 1, (1.23)
where the constant may depend on the rational coefficients but is independent of λ.
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Clearly, these results improve the bounds (1.1), (1.2) and (1.3). These bounds agree
with the correct bounds given by (1.9), (1.10) and Theorem 3. In particular, when k =
d− 1, the uniform bound (1.23) agrees with the conjecture bound (1.5). Furthermore,
it is natural to make the following conjecture according to Theorem 6.
Conjecture 2. Let d ≥ 3 be arbitrary and Σ ⊂ Td a smooth submanifold of dimension
k (1 ≤ k ≤ d− 2). Then all eigenfunctions eλ of Td satisfy
‖eλ‖L2(Σ) . λ
d−k−2
2
+‖eλ‖L2(Td), ∀ > 0. (1.24)
Acknowledgement. The authors would like to thank Professor C. Sogge and Pro-
fessor Z. Rudnick for their helpful suggestions and comments. The authors are grateful
to the anonymous referee for very thorough and helpful reports.
2. Proof of 2 dimensional case
We prove Theorem 1 and 2 on T2. Let eλ(x) =
∑
n∈E cne
in·x,
∑
n∈E |cn|2 = 1, where
E = Z2 ∩ λS1.
2.1. Proof of Theorem 1.
Proof of (1.11). Without loss of generality, let γ = (x1, ax1), a ∈ R, |x1| ≤ 1. We may
additionally assume that |a| ≤ 1, otherwise we may exchange the x1, x2 coordinates.
Then∫
γ
|eλ|2dσ =
∑
m
∑
n
cmc¯n
∫
γ
ei(m−n)·xdσ
=
∑
m
∑
n
cmc¯n
∫ 1
−1
ei(m1−n1+a(m2−n2))x1
√
1 + a2dx1
.
∑
m
∑
n
|cm||cn| | sin (m1 − n1 + a(m2 − n2))||m1 − n1 + a(m2 − n2)|
.
∑
m,n:|m1−n1+a(m2−n2)|.1
|cm||cn|+
log2 λ∑
k≥0
∑
m,n:|m1−n1+a(m2−n2)|≈2k
|cm||cn|2−k
:= I1 + I2.
If |m1 − n1 + a(m2 − n2)| . 1, then for fixed m ∈ E , all the possible n ∈ E lie on
the two arcs between two parallel lines with distance ≈ 1. See Figure 1. Note that
the length of each arc is . λ 12 . Thus, we have at most N1,λ choices of n. Similarly, if
|m1−n1 + a(m2−n2)| ≈ 2k, then for fixed m ∈ E , all the possible n ∈ E lie on the two
arcs between two parallel lines with distance ≈ 2k. Note that the length of each arc is
. λ 12 2k/2. Thus, we have at most 2k/2N1,λ choices of n. Therefore, by Cauchy-Schwarz
I1 .
∑
m
|cm|2 ·N1,λ ≈ N1,λ,
I2 .
log2 λ∑
k≥0
∑
m
|cm|22−k · 2k/2N1,λ ≈ N1,λ.
This proves (1.11).
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Figure 1. The arcs between the two parallel lines with distance ≈ 1
Figure 2. The λ
1
2 -arc with ≈ N1,λ lattice points
Proof of (1.12). We assume that there is some λ
1
2 -arc C ⊂ λS1 containing ≈ N1,λ
lattice points. See Figure 2. The arc must lie between two parallel lines: its chord and
the tangent line at its midpoint. We may assume the distance between these two lines
is < 12 . Without loss of generality, we may also assume the equations of these lines
have the form: x1 + ax2 = t, |a| ≤ 1. (Otherwise, exchange x1, x2 coordinates.) Let
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cn =
1√
N1,λ
when n is on the arc C, and cn = 0, otherwise. Define the eigenfunction
eλ(x) =
∑
n∈E cne
in·x. Then
∑
n∈E |cn|2 = 1, by definition. Since when m,n are on the
arc, |m1 − n1 + a(m2 − n2)| < 12
√
1 + a2 ≤ 1, so
0 <
sin(m1 − n1 + a(m2 − n2))
m1 − n1 + a(m2 − n2) ≈ 1.
Let γ = (x1, ax1), |x1| ≤ 1, |a| ≤ 1. Then∫
γ
|eλ|2dσ =
∑
m∈E
∑
n∈E
cmc¯n
∫
γ
ei(m−n)·xdσ
≈ 1
N1,λ
∑
m∈C
∑
n∈C
sin (m1 − n1 + a(m2 − n2))
m1 − n1 + a(m2 − n2)
≈ N1,λ
Thus (1.12) is proved.
2.2. Proof of Theorem 2.
Lemma 1. Let |µ| ≤ 1. If Tµ : l2(Z)→ l2(Z)
(at) 7→ (bs), bs =
∑
t∈Z
sin(µ(t− s))
t− s at,
then sup|µ|≤1 ‖Tµ‖l2(Z)→l2(Z) . 1.
Proof. It is a consequence of the l2 boundedness of the discrete Hilbert transform, see
e.g. [14]. 
Proof of (1.13). Now we prove the uniform bound for the L2 restriction to γ =
(x1, ax1), a = p/q, gcd(p, q) = 1, |x1| ≤ 1, |a| ≤ 1. Let eλ(x) =
∑
n∈E cne
in·x, where
E = Z2 ∩ λS1, ∑n∈E |cn|2 = 1. Then∫
γ
|eλ|2dσ =
∑
m
∑
n
cmc¯n
∫
γ
ei(m−n)·xdσ
.
∣∣∣∑
m
∑
n
cmc¯n
sin ((m1 + am2)− (n1 + an2))
(m1 + am2)− (n1 + an2)
∣∣∣.
The straight line x1 + ax2 = t intersects the circle x
2
1 + x
2
2 = λ
2 at at most two
points, and they are separated by the perpendicular line ax1− x2 = 0 passing through
their midpoint. Let
L+ = {(x1, x2) ∈ E : ax1 − x2 ≥ 0},
L− = {(x1, x2) ∈ E : ax1 − x2 < 0},
and then E = L+ ∪ L−. So we can split the sum above into 4 parts, and it suffices to
estimate
I1 =
∣∣∣ ∑
m∈L+
∑
n∈L+
cmc¯n
sin ((m1 + am2)− (n1 + an2))
(m1 + am2)− (n1 + an2)
∣∣∣
RESTRICTION OF TORAL EIGENFUNCTIONS 9
.
( ∑
m∈L+
( ∑
n∈L+
c¯n
sin((m1 + am2)− (n1 + an2))
(m1 + am2)− (n1 + an2)
)2) 1
2
.
If a = p/q ∈ Q, gcd(p, q) = 1, |p| ≤ |q|, then for any fixed t ∈ Z, there is at most one
n ∈ L+ such that qn1 + pn2 = t. So we may define at := c¯n if there is one n ∈ L+ such
that qn1 + pn2 = t, and define at := 0, otherwise. Recall the operator Tµ in Lemma 1,
I1 . |q|‖T1/q‖l2→l2(
∑
t∈Z
|at|2) 12 . |q|.
Thus ∫
γ
|eλ|2dσ . |q|.
So the proof is finished.
3. Proof of higher dimensional cases
We prove Theorems 3, 5, 6 on Td (d ≥ 2), generalizing the two dimensional results to
higher dimensions. Let eλ(x) =
∑
n∈E cne
in·x,
∑
n∈E |cn|2 = 1, where E = Zd ∩ λSd−1,
d ≥ 2.
3.1. Proof of Theorem 3.
Proof of (1.15). The following proof generalizes the method in the proof of (1.11).
Let Σ ⊂ Td (d ≥ 2) be a totally geodesic submanifold of dimension k. Note that Σ is
determined by k linear equations, we can assume without loss of generality that
Σ =
(
x1, ..., xk,
k∑
j=1
ak+1,jxj , ...,
k∑
j=1
ad,jxj
)
where |aij | ≤ 1, k + 1 ≤ i ≤ d, 1 ≤ j ≤ k. Denote
u1 = (1, 0, ..., 0, ak+1,1, ..., ad,1),
u2 = (0, 1, ..., 0, ak+1,2, ..., ad,2),
...
uk = (0, 0, ..., 1, ak+1,k, ..., ad,k).
Then we can write Σ = x1u1 + ...+ xkuk, and the measure
dσ = |u1 ∧ · · · ∧ uk|dx1 · · · dxk =
√
det[ui · uj ]k×k dx1 · · · dxk
and the condition |aij | ≤ 1 implies that for some constant Ck,d ≥ 1 independent of Σ
1 ≤ |u1 ∧ · · · ∧ uk| ≤ Ck,d,
|uj | ≤ (d− k + 1)1/2, j = 1, 2, ..., k.
Then ∫
Σ
|eλ|2dσ =
∑
m
∑
n
cmc¯n
∫
Σ
e(m−n)·xdσ
.
∑
m
∑
n
|cm||cn|
∣∣∣ ∫
[−1,1]k
k∏
j=1
eixj(m−n)·ujdx1 · · · dxk
∣∣∣
=
∑
m
∑
n
|cm||cn|
∣∣∣ k∏
j=1
sin((m− n) · uj)
(m− n) · uj
∣∣∣.
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Define for j = 1, ..., k and pj = 0, 1, 2, ...
Bpj (uj ,m) =
{
{n ∈ E : |(m− n) · uj | . 1} if pj = 0
{n ∈ E : |(m− n) · uj | ≈ 2pj} if pj > 0.
(3.1)
Therefore by Cauchy-Schwarz∫
Σ
|eλ|2dσ .
log λ∑
p1,...,pk=0
∑
m∈E
∑
n∈∩kj=1Bpj (uj ,m)
|cm|22−p1 · · · 2−pk (3.2)
.
log λ∑
p1,...,pk=0
∑
m∈E
|cm|2 ·Ak,d,λ (3.3)
. Ak,d,λ(log λ)k. (3.4)
Here in the second inequality we split Bpj (uj ,m) into ≈ 2pj unit bands B(uj , ·) and
use the fact that the unit bands B(u1, ·), ..., B(uk, ·) are νk,d-transverse
|u1 ∧ · · · ∧ uk|
|u1| · · · |uk| ≥
1
(d− k + 1)k/2 := νk,d > 0.
Recall that Ak,d,λ is the maximal number of lattice points in the intersection of k unit
bands that are νk,d-transverse. Then the number of lattice points
max
m∈E
#
k⋂
j=1
Bpj (uj ,m) . Ak,d,λ2p1+···pk .
This estimate gives (3.3). So the proof is complete.
Proof of (1.16). The construction here generalizes the two dimensional case (1.12).
Fix an eigenvalue λ > 1. Let C be the intersection of k unit bands that are νk,d-
transverse, which contains Ak,d,λ lattice points in it. Without loss of generality, we
may assume these bands are B(u1, x01),..., B(uk, x0k) where
u1 = (1, 0, ..., 0, ak+1,1, ..., ad,1),
u2 = (0, 1, ..., 0, ak+1,2, ..., ad,2),
...
uk = (0, 0, ..., 1, ak+1,k, ..., ad,k),
and |aij | ≤ 1, k + 1 ≤ i ≤ d, 1 ≤ j ≤ k.
Let
cn =
{
1√
Ak,d,λ
, n ∈ C
0, n ∈ E \ C.
Define the eigenfunction eλ(x) =
∑
n∈E cne
in·x. Then
∑
n∈E |cn|2 = 1, by definition.
If the distance between the two hyperplanes of each unit band is small enough (only
depending on k and d), then for any m,n ∈ C we have |(m − n) · uj | ≤ 1, j = 1, ..., k,
which implies
0 <
sin((m− n) · uj)
(m− n) · uj ≈ 1.
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Let Σ = x1u1 + · · ·+ xkuk, |xj | ≤ 1, j = 1, ..., k. Then∫
Σ
|eλ|2dσ =
∑
m∈E
∑
n∈E
cmc¯n
∫
Σ
ei(m−n)·xdσ
≈ 1
Ak,d,λ
∑
m∈C
∑
n∈C
k∏
j=1
sin((m− n) · uj)
(m− n) · uj
≈ 1
Ak,d,λ
∑
m∈C
∑
n∈C
1
≈ Ak,d,λ.
Hence the eigenfunction eλ and the submanifold Σ satisfy (1.16).
3.2. Proof of Theorem 5. The construction here is similar to the proof of (1.16).
Given fixed d ≥ 2, 1 ≤ k ≤ d − 1, and an eigenvalue λ > 1, we need to construct a
totally geodesic submanifold Σ of dimension k and an eigenfunction eλ(x) satisfying
(1.21). Consider the intersection of the (d−k+1)-plane Π : xd−k+2 = ... = xd = 0 and
the sphere λSd−1. It is exactly the sphere λSd−k. Choose a λ
1
2 -cap C ⊂ λSd−k, which
contains the maximal number of lattice points Nd−k,λ. Then this cap must lie between
two parallel (d− k)-planes pi1, pi2 in Π. Without loss of generality, we may assume the
equations of these (d− k)-planes have the form:
x1 + a2x2 + ...+ ad−k+1xd−k+1 = t, xd−k+2 = ... = xd = 0,
and |aj | ≤ 1, j = 2, ..., d− k+ 1. We may also assume their distance is < 1d−k+1 . Then
we can construct
Σ = (x1, a2x1, ..., ad−k+1x1, x2, ..., xk), |xj | ≤ 1, j = 1, ..., k.
Then for any lattice points m,n in this cap C, we have
|m1 − n1 + ...+ ad−k+1(md−k+1 − nd−k+1)| < 1
d− k + 1
√
1 + a22 + ...+ a
2
d−k+1 ≤ 1.
So we have
0 <
sin(m1 − n1 + a2(m2 − n2) + ...+ ad−k+1(md−k+1 − nd−k+1))
m1 − n1 + a2(m2 − n2) + ...+ ad−k+1(md−k+1 − nd−k+1) ≈ 1.
Let cn =
1√
Nd−k,λ
when n ∈ C, and cn = 0, otherwise. Define the eigenfunction
eλ(x) =
∑
n∈E cne
in·x. Then
∑
n∈E |cn|2 = 1, by definition. Then∫
γ
|eλ|2dσ =
∑
m∈E
∑
n∈E
cmc¯n
∫
Σ
ei(m−n)·xdσ
≈ 1
Nd−k,λ
∑
m∈C
∑
n∈C
sin (m1 − n1 + ...+ ad−k+1(md−k+1 − nd−k+1))
m1 − n1 + ...+ ad−k+1(md−k+1 − nd−k+1)
≈ Nd−k,λ
Thus (1.21) is proved.
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3.3. Proof of Theorem 6. Let pq ∈ Q, p, q ∈ Z, q 6= 0. The height of the rational
number pq with gcd(p, q) = 1 is defined by
H(p/q) = max{|p|, |q|}.
Clearly, H(0) = 1 and H(n) = |n| if n ∈ Z \ {0}. If gcd(p, q) ≥ 1, then
H(p/q) =
max{|p|, |q|}
gcd(p, q)
≤ max{|p|, |q|}.
Let x, y ∈ Q. Then by definition, we have the following elementary arithmetic proper-
ties
H(−x) = H(x)
H(x−1) = H(x), x 6= 0
H(x+ y) ≤ 2H(x)H(y)
H(xy) ≤ H(x)H(y).
Now we prove the following basic lemmas by using the arithmetic properties of the
height function.
Lemma 2. Let d ≥ 2. Let Ai = (ai1, ..., aid) ∈ Zd, i = 1, 2, 3. Suppose that they
are non-collinear, and each component |aij | . R, i = 1, 2, 3 and 1 ≤ j ≤ d. If
X0 = (x01, ..., x0d) is the center of the circle determined by these three points, then
X0 ∈ Qd and H(x0j) . Rc, 1 ≤ j ≤ d, for some constant c > 0.
Proof. Let a = A1 − A2 and b = A1 − A3. Note that the center of the circle is the
intersection of two perpendicular bisectors of the segments A1A2 and A1A3. Then by
direct calculations, the equations of these two perpendicular bisectors are
X(t) = A1+A22 + t(b− a·b|a|2a), t ∈ R,
X(s) = A1+A32 + s(a− a·b|b|2b), s ∈ R.
Thus we only need to solve t, s from the d-dimensional linear system
A1+A2
2 + t(b− a·b|a|2a) = A1+A32 + s(a− a·b|b|2b)
which can be solved after finite steps of elementary arithmetic. So the solution t, s ∈ Q.
By the arithmetic properties of the height function, H(t) and H(s) are . Rc0 for some
constant c0 > 0. Therefore, the center X0 ∈ Qd and each H(x0j) . Rc for some
constant c > 0. 
Lemma 3. Let d ≥ 2. Let Ai = (ai1, ..., aid) ∈ Zd, i = 1, 2, 3. Suppose that they are
non-collinear, and each component |aij | . R, i = 1, 2, 3 and 1 ≤ j ≤ d. Then there are
i1, i2 ∈ {1, ..., d} such that the equation of the 2-plane passing through the three points
has the form
X = V0 + xi1V1 + xi2V2
where X = (x1, ..., xd), and V0, V1, V2 ∈ Qd and each of their components has height
. Rc for some constant c > 0.
Proof. Let a = A1 −A2 and b = A1 −A3. Then the equation of the 2-plane can be
X(t, s) = A1 + ta+ sb, t, s ∈ R.
Consider the d × 2 matrix M = [a b]. Note that rank(M)=2. So there are two
linear independent rows, say, the i1-th and i2-th rows. Thus we can represent (t, s) by
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(xi1 , xi2) after finite steps of elementary arithmetic, and then the equation of the plane
changes to
X = V0 + xi1V1 + xi2V2
where V0, V1, V2 ∈ Qd. By the arithmetic properties of the height function, each of
their components has height . Rc for some constant c > 0. 
Lemma 4. Let d ≥ 2 and 1 ≤ k ≤ d− 1. If RSk(X0) ⊂ Rd is a k-sphere embedded in
Rd with center X0 ∈ Rd and radius R > 1, then
#Zd ∩RSk(X0) . Rk−1+, ∀ > 0
where the constant is independent of the embedding, X0 and R.
Proof. By the translation invariance of Zd, we may assume X0 ∈ [−1, 1]d, which implies
that
|xj | . R, 1 ≤ j ≤ d
for any point X = (x1, ..., xd) ∈ RSk(X0). To count the lattice points in RSk(X0), we
can restrict (k − 1) coordinates of X to some integers with absolute values . R (there
are . Rk−1 choices in total), and reduce to counting lattice points on the circles. So it
suffices to prove the case k = 1:
#Zd ∩RS1(X0) . R, ∀ > 0
where the constant is independent of the embedding, X0 and R. We may assume that
there are at least 3 lattice points on the circle RS1(X0), otherwise we are done. By
Lemma 2, the center X0 ∈ Qd, and each component has height . Rc for some c > 0.
By Lemma 3 and a change of variables, the 2-plane containing the circle may have the
form:
X = V0 + x1V1 + x2V2
where V0, V1, V2 ∈ Qd and each of their components has height . Rc for some constant
c > 0. To estimate the number of lattice points X = (x1, x2, ..., xd) on the circle, we
only need to count the number of integer solutions (x1, x2) ∈ Z2 to the equation
|x1V1 + x2V2 + V0 −X0|2 = R2.
Since all the components of X0, V0, V1, V2 have heights . Rc, it is equivalent to an
equation with integer coefficients:
|x1V˜1 + x2V˜2 + V˜0 − X˜0|2 = R1
where V˜1, V˜2, V˜0, X˜0 ∈ Zd and |R1| . Rcd for some constant cd > 0. Expanding the
square
Ax21 +Bx
2
2 + 2Cx1x2 + 2Dx1 + 2Ex2 + F = 0
where A,B,C,D,E ∈ Z, and F = |V˜0 − X˜0|2 −R1. These coefficients are all bounded
by Rcd for some constant cd > 0. Completing the square gives
(AB − C2)(Ax1 + Cx2 +D)2 + ((AB − C2)x2 + (AE − CD))2 = K
where K = (AE − CD)2 − (AF −D2)(AB − C2).
Note that AB − C2 = |V˜1|2|V˜2|2 − (V˜1 · V˜2)2 > 0. If AB − C2 = PQ2 for some
P,Q ∈ Z and P > 0 is square free, then by the following substitutions
x = (AB − C2)x2 + (AE − CD)
y = Q(Ax1 + Cx2 +D)
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it is reduced to counting the number of integer solutions (x, y) ∈ Z2 to the equation
x2 + Py2 = K (3.5)
where P > 0 is squarefree and K ∈ Z satisfies |K| . Rcd for some constant cd > 0.
Namely, we need to estimate the number rP (K) of representations of an integer K by
the quadratic form x2 + Py2. Recall that (see e.g. [19, page 32])
rP (K) ≤ 6τ(K)
where τ(K) is the number of divisors of K and satisfies τ(K) . |K|, ∀ > 0. See e.g.
[1, page 296] for the divisor bound. Therefore,
#Zd ∩RS1(X0) . R, ∀ > 0.

Proof of (1.22). When 1 ≤ k ≤ d− 2, by the proof of (1.15) we only need to estimate
the maximal number of lattice points in the intersection of k bands:
max
m∈E
#
k⋂
j=1
Bpj (uj ,m)
in (3.2). Since we are assuming u1, ..., uk are fixed and rational, the lattice points
in the intersection of k unit bands that are νk,d-transverse must lie in a finite number
(depending on u1, ..., uk) of (d−k)-dimensional affine planes. Note that the intersection
of each (d− k)-dimensional affine plane and the sphere λSd−1 equals to an embedded
lower dimensional sphere RSd−k−1(X0) ⊂ Rd with center X0 ∈ Rd and radius R ≤ λ.
By Lemma 4, the number of lattice points in RSd−k−1(X0) is uniformly bounded by
λd−k−2+, independent of its center. Therefore, the number of lattice points
max
m∈E
#
k⋂
j=1
Bpj (uj ,m) . λd−k−2+2p1+···+pk , ∀ > 0
where the constant depends on u1, ..., uk. So the proof is completed by using (3.2).
Proof of (1.23). When k = d− 1, similarly by the proof of (1.15) we can get
max
m∈E
#
d−1⋂
j=1
Bpj (uj ,m) . 2p1+···+pk ,
with fixed rational u1, ..., uk, as any straight line intersects the sphere at no more than
2 points. Arguing along the proof of (1.15) only gives an upper bound of some power of
log λ. To prove the expected uniform bound, we need to use Lemma 1. The following
argument is the generalization of the proof of (1.13) in 2 dimension.
Without loss of generality, we set Σ = (x1, ..., xd−1, a1x1 + ...+ ad−1xd−1), |xj | ≤ 1,
|aj | ≤ 1, j = 1, ..., d− 1. Then∫
Σ
|eλ|2dσ =
∑
m
∑
n
cmc¯n
∫
Σ
ei(m−n)·xdσ
.
∣∣∣∑
m
∑
n
cmc¯n
d−1∏
j=1
sin((mj + ajmd)− (nj + ajnd))
(mj + ajmd)− (nj + ajnd)
∣∣∣.
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For fixed t1, ..., td−1, the straight line determined by d− 1 equations: xj + ajxd = tj ,
j = 1, ..., d−1, intersects the sphere λSd−1 at at most two points, and they are separated
by the hyperplane a1x1 + ...+ ad−1xd−1 − xd = 0 passing through their midpoint. Let
L+ = {(x1, ..., xd) ∈ E : a1x1 + ...+ ad−1xd−1 − xd ≥ 0},
L− = {(x1, ..., xd) ∈ E : a1x1 + ...+ ad−1xd−1 − xd < 0},
and then E = L+ ∪ L−.
As in the 2-dimensional proof, by splitting the sum, it suffices to estimate
I1 =
∣∣∣ ∑
m∈L+
∑
n∈L+
cmc¯n
d−1∏
j=1
sin((mj + ajmd)− (nj + ajnd))
(mj + ajmd)− (nj + ajnd)
∣∣∣
.
( ∑
m∈L+
( ∑
n∈L+
c¯n
d−1∏
j=1
sin((mj + ajmd)− (nj + ajnd))
(mj + ajmd)− (nj + ajnd)
)2) 1
2
.
If aj = pj/qj ∈ Q, gcd(pj , qj) = 1, |pj | ≤ |qj |, then for any fixed t1, ..., td−1 ∈ Z,
there is at most one n ∈ L+ such that qjnj + pjnd = tj , j = 1, ..., d − 1. So we may
define at1,...,td−1 := c¯n if there is one such n ∈ L+, and define at1,...,td−1 := 0, otherwise.
Therefore, recalling the operator Tµ in Lemma 1 we have
I1 .
( ∑
s1,...,sd−1∈Z
( ∑
t1,...,td−1∈Z
at1,...,td−1
d−1∏
j=1
sin((sj − tj)/qj)
sj − tj
)2) 1
2 ×
d−1∏
j=1
|qj |
. (
∑
t1,...,td−1∈Z
|at1,...,td−1 |2)
1
2
d−1∏
j=1
|qj |‖T1/qj‖l2→l2
.
d−1∏
j=1
|qj |.
So we get ∫
Σ
|eλ|2dσ .
d−1∏
j=1
|qj |.
4. Explicit estimates in 3 dimension
In this section, we prove Theorem 4 on T3. Let eλ(x) =
∑
n∈E cne
in·x,
∑
n∈E |cn|2 =
1, where E = Z3 ∩ λS2. By Theorem 3, it suffices to estimate A1,3,λ and A2,3,λ, and
prove that
A1,3,λ . λ
2
3
+,
A2,3,λ . λ
1
6
+.
Recall that A1,3,λ is the maximal number of lattice points in a unit band of λS
2, and
A2,3,λ is the maximal number of lattice points in the intersection of two ν-transverse
unit bands of λS2. The main idea is to decompose the bands into identical small
portions with at most λ lattice points, and then count the number of the portions. It
generalizes a result of Jarnik [13], any arc on λS1 of length at most cλ
1
3 contains at
most 2 lattice points.
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Indeed, we can use Lemma 5 below to conclude that the lattice points in a spherical
region of λS2 must be coplanar if the convex hull of the spherical region has volume < 16 .
Here the convex hull is the smallest convex set in R3 that contains the region. For
example, the convex hull of four points in R3 which are not coplanar is the tetrahedron
which has these four points as vertices.
Lemma 5. The convex hull of four lattice points that are not coplanar has volume ≥ 16 .
Proof. Let a,b, c,d ∈ Z3. Then the volume of the convex hull, or the tetrahedron
formed by these four points is
V =
1
6
|det(a− d,b− d, c− d)|.
Since we know these four points are not coplanar, the determinant must be a non-zero
integer, which means V ≥ 16 . 
Corollary 2. Let E be a subset of λS2. If the convex hull of E in R3 has volume . 1,
then the number of lattice points in E is . λ.
Proof. We may use 2-planes to cut the convex hull of E into a finite number (. 1)
of small convex sets of volume < 16 , by the continuity of volume measure (or the ham
sandwich theorem [15]). Then the lattice points in each small convex set must be
coplanar by Lemma 5. Note that the intersection of a plane and the sphere λS2 is a
circle with radius R ≤ λ. Then the intersection of λS2 and each small convex set has
. λ lattice points by Lemma 4. So there are . λ lattice points in E. 
Corollary 3. If E is a cap on λS2 with radius . λ 14 , then the number of lattice points
in E is . λ.
Proof. It follows from Corollary 2 and the fact that the convex hull of the λ
1
4 -cap has
volume ≈ λ− 12 × (λ 14 )2 . 1. 
We use the following convention in this section. Consider a unit band on λS2. The
band is between two parallel planes, and for simplicity we may assume both planes
have nonempty intersections with the sphere λS2. Indeed, other cases can be trivially
reduced to this case. The boundary of the band consists of two circles, which are the
intersections of the sphere and the two parallel planes. If the largest radius of the
circles is R, we call the radius of the band is R. The distance between the two parallel
planes is called the width of the band. By definition, the width of the unit band is
comparable to 1. Moreover, the spherical distance between the two circles is called
the spherical width of the band. A band sector is a portion of the unit band with
respect to a central angle. The length of the band sector is the radius of the band
times the central angle.
For example, the unit band in Figure 3(a) below is the set
{(x, y, z) ∈ R3 : x2 + y2 + z2 = λ2, a ≤ z ≤ a+ 1}
for some value a. If the band contains the equator (e.g. −1 < a < 0), we may split it
into two bands with respect to the equator. For simplicity, we may only consider the
case a ≥ 0, since our goal is counting lattice points on the unit band. It is formed by
rotating the arc in Figure 3(b) with respect to the z-axis, and as in Figure 3(b), the
radius of the band is R =
√
λ2 − a2, the spherical width of the band is equal to the
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length of the arc. Finally, a band sector is formed by rotating the arc with respect to
z-axis for some angle θ ∈ [0, 2pi), and the length of the band sector is Rθ. See Figure
4(a).
(a) A unit band
(b) The corresponding arc
Figure 3.
Lemma 6. If a unit band on λS2 has radius R, then R & λ 12 and its spherical width
≈ λR . λ
1
2 , and its area ≈ λ.
Proof. From the discussion above, we know the spherical width of the band is equal to
the arc length in Figure 3(b), which is comparable to the length of the chord:
l =
√
1 + (R−R0)2.
Since
R20 = λ
2 − (1 +
√
λ2 −R2)2 ≥ 0
we have
|R−R0| = 1 + 2
√
λ2 −R2
R+R0
≈ 1 + 2
√
λ2 −R2
R
.
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A0
B
A
M0
M
B0
(a) The band sector ABB0A0 with the angle θ (b) A cross section of the convex hull ABB0A0
Figure 4.
When R ≈ λ, we have |R−R0| . 1 and l ≈ 1 ≈ λR . When R ≤ 12λ, we have |R−R0| ≈ λR
and l ≈ λR . Thus the spherical width ≈ λ/R. As in Figure 3(b),
R =
√
λ2 − (λ−H − 1)2 ≥
√
λ2 − (λ− 1)2 ≈ λ 12 ,
then the spherical width . λ 12 .
Since the band has length ≈ R,
Area of the band ≈ length× spherical width ≈ R× λ
R
= λ
which is independent of R. 
Lemma 7. Let E be a band sector on λS2 with radius R and central angle θ. If
θ ≈ R− 23 and R & λ 34 , then the volume of its convex hull . 1.
Proof. As shown in Figure 4(a), the convex hull of the band sectorABB0A0 is formed by
the plane ABB0A0, two parallel planes (A0B0M0 and ABM), two intersecting planes
(AA0M and BB0M), and the band sector. To compute the volume of the convex hull,
it is convenient to consider its cross section first. In Figure 4(a), the cross section is
a part of the circular sector with radius Rh and angle θ, where an isosceles triangle
is removed. A direct computation on the right trapezoid AMM0A0 (or BMM0B0)
shows that the two legs of this isosceles triangle have equal length R0 + (R − R0)h.
See Figure 4(b)). Now we compute the area of the cross section (the shaded region in
Figure 4(b)), and then integrate over h ∈ [0, 1]. From Figure 3(b), we have
R2h = λ
2 − (λ−H − h)2.
Here we have H ≤ λ− 1 and
H = λ− 1−
√
λ2 −R2 ≈ λ−1R2 & λ 12
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by the assumption that R & λ 34 . Then the area of the shaded region in Figure 4(b) is
A(h) =
1
2
θ(λ2 − (λ−H − h)2)− 1
2
(R0 + (R−R0)h)2 sin θ.
Note that
R2 = λ2 − (λ−H − 1)2 = 2λH −H2 + 2λ− 2H − 1
R20 = λ
2 − (λ−H)2 = 2λH −H2
(2λH −H2 + λ−H)−RR0 = λ
2
RR0 + (2λH −H2 + λ−H) . λH
−1.
Recall that sin θ ≥ θ − 16θ3 when 0 ≤ θ < 1. Thus the volume of the convex hull is
V =
∫ 1
0
A(h)dh =
θ
2
(2λH −H2 + λ−H − 13)−
sin θ
2
1
3
(R2 +R20 +RR0)
≤ θ
2
(2λH −H2 + λ−H)− 1
2
(θ − 1
6
θ3)(2λH −H2 + λ−H +O(λH−1))
. θ3λH + θλH−1
≈ θ3R2 + θλ2R−2
≈ 1
by the assumption that θ ≈ R− 23 and R & λ 34 . 
Proof of (1.17). We need to count the maximal number of lattice points on a unit
band on λS2. Let R be the radius of the unit band. We consider 3 cases.
(1) If R . λ 12 , then the band can be covered by one λ 12 -cap, which has . λ 12 lattice
points by (1.8).
(2) If λ
1
2 . R . λ 34 , then the length of the band is ≈ R & λ 12 and the spherical width
& λ 14 by Lemma 6. So we can efficiently cover the band by caps with radius ≈ λ 14 .
Recall that the area of the band is ≈ λ by Lemma 6. Thus, the number of covering
caps is ≈ λ 12 and each cap has . λ lattice points by Corollary 3, so the band contains
. λ 12+ lattice points.
(3) If R & λ 34 , then we may decompose the band into identical band sectors with the
central angle θ ≈ R− 23 . The number of the band sectors is ≈ R 23 and each band sector
has . λ lattice points by Lemma 7 and Corollary 2, so the band contains . λ 23+
lattice points.
So we finish the proof of (1.17).
Remark 2. From the proof, we see that the worst case is the case (3), where the unit
band is close to the equator. If one can get an improvement in this case, the bound in
(1.17) can be improved.
As in Figure 3(b), a normal line of the parallel planes of the band may pass through
the origin O and intersect the sphere λS2 at two points. We denote the point nearest
to the band by P and it is called the north pole of the band (see Figure 3(b)). The
normal line OP is called the axis of the band.
Lemma 8. If the radius of a unit band is R, then the spherical distance between its
north pole P and any point on the band is . R.
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Proof. From Figure 3(b), the spherical distance between the north pole P and the point
on the band is .
√
(H + 1)2 +R2. Then the lemma follows from the fact that
H ≤ λ−
√
λ2 −R2 . λ−1R2 . R.

Proof of (1.18). Fix ν = ν2,3 =
1
2 . Let B and B′ be two ν-transverse unit bands
on λS2. Let P , P ′ be the north poles of the two bands. Let α ∈ (0, pi2 ] be the angle
between the axes of the two bands. Assume that B ∩ B′ 6= ∅. By transversality, the
angle α & 1 and then
d(P, P ′) ≈ λ
where d(·, ·) is the spherical distance on λS2. This implies that at least one of the
bands (called B) must have radius ≈ λ and spherical width ≈ 1. Indeed, if x0 ∈ B∩B′,
then by the triangle inequality
d(x0, P ) + d(x0, P
′) ≥ d(P, P ′) ≈ λ.
So at least one term on the left hand side is comparable to λ. By Lemma 8, at least
one of the bands must have radius ≈ λ. Then by Lemma 6, its spherical width ≈ 1.
The intersection B ∩B′ is contained in one band sector of B with length . λ 12 , since
the spherical width of B′ is . λ 12 by Lemma 6. As in the third case of the proof
of (1.17), we decompose the band B into ≈ λ 23 small identical band sectors with the
central angle θ ≈ λ−2/3. The length of each band sector is ≈ λ 13 , so we can cover B∩B′
by . λ 16 these band sectors. By Lemma 7, each band sector has . λ lattice points.
So the intersection B ∩ B′ contains . λ 16+ lattice points. This completes the proof of
(1.18).
Remark 3. Note that the arclength λ
1
3 in Jarnik’s result [13] is not optimal. Indeed,
Cilleruelo and Co´rdoba [8] proved that for any δ < 12 , arcs of length λ
δ contain at most
M(δ) lattice points and in [9] it is conjectured that this remains true for any δ < 1.
If we consider the generalization in λS2, we may naturally expect that the length of
each small band sector in the proof of (1.17) can be chosen to be larger than R
1
3 and
it still contains . λ lattice points. Clearly this will lead to better estimates on A1,3,λ
and A2,3,λ.
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